
Schrodinger Equation 
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Harmonic Oscillator 

[𝑥, 𝑝] = 𝑖ℏ    [𝐴, 𝐵] ≡ 𝐴𝐵 − 𝐵𝐴 

𝐻𝑎𝑚𝑖𝑙𝑡𝑜𝑛𝑖𝑎𝑛 𝐻 =
�⃑�2

2𝑚
+ 𝑉(𝑟) → �̂� =

−ℏ

2𝑚
∇2 + 𝑉(𝑟)  

also 𝐻 = (𝑎+𝑎− +
1

2
)ℏ𝜔 

𝐸𝑛 = (𝐴𝑛 +
1

2
)ℏ𝜔 ⇒ 𝐸𝑛 = (𝑛 +

1

2
)ℏ𝜔  

𝜓0(𝑥) = (
𝑚𝜔

𝜋ℏ
)

1

4
𝑒
−𝑚𝜔𝑥2

2ℏ    &   𝜓𝑛 =
(𝑎+)

𝑛

√𝑛!
  

𝑎±=
1

√2𝑚ℏ𝜔 
(𝑚𝜔𝑥 ∓ 𝑖𝑝) 𝑤ℎ𝑒𝑟𝑒  

𝑝 = −𝑖ℏ (
𝜕

𝜕𝑥
)  

𝑎+𝜓𝑛 = √𝑛 + 1𝜓𝑛+1    𝑎−𝜓𝑛 = √𝑛𝜓𝑛−1  
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Recursion formula/Hermite Polynomials 

𝑎𝑗+2 =
2𝑗+1−𝑘

(𝑗+2)(𝑗+1)
𝑎𝑗 →

2𝑗−2𝑛

(𝑗+2)(𝑗+1)
𝑎𝑗  

𝜉 = √
𝑚𝜔

ℏ
𝑥    𝑁𝑜𝑟𝑚𝑎𝑙𝑖𝑧𝑒𝑑 𝜓𝑛(𝑥) =

(
𝑚𝜔

𝜋ℏ
)

1

√2𝑛𝑛!
𝐻𝑛(ξ)e

−
ξ2

2   

〈𝑝〉 = 𝜓∗|�̂�|𝜓     〈𝑥2〉 = 𝜓∗|𝑥2|𝜓    𝑘 =
2𝐸

ℏ𝜔
   

𝛼 = √
𝑚𝜔

ℏ
 

𝑎±= 𝛼𝑥 ∓ 𝛽𝑝  w/  𝛼 = √
𝑚𝜔

2ℏ
   &   𝛽 =

1

√2𝑚ℏ𝜔
 

Free Particle 

𝑘 =
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ℏ
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𝑘 = ±
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ℏ
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𝑘 > 0 ⇒ 𝑡𝑟𝑎𝑣𝑒𝑙𝑖𝑛𝑔 𝑡𝑜 𝑟𝑖𝑔ℎ𝑡
𝑘 < 0 ⇒ 𝑡𝑟𝑎𝑣𝑒𝑙𝑖𝑛𝑔 𝑡𝑜 𝑙𝑒𝑓𝑡   
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Eigenstate 𝜓(𝑥) = 𝐴𝑒𝑖𝑘𝑥 + 𝐵𝑒−𝑖𝑘𝑥  

Stationary State Ψk(𝑥, 𝑡) = (𝐴𝑒𝑖𝑘𝑥 +

𝐵𝑒−𝑖𝑘𝑥)𝑒
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Square Well/Step Potentials 
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𝐶𝐴 ⇒ 𝑒±𝑖𝑘𝑥  𝑜𝑟 𝑠𝑖𝑛/𝑐𝑜𝑠   
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 𝑒

𝑖𝑘𝑥 ⇒ → (𝑡𝑟𝑎𝑛𝑠)   

𝑒−𝑖𝑘𝑥 ⇒ ← (𝑟𝑒𝑓𝑙)   

𝑒𝑘𝑥 ⇒ 𝑖𝑛𝑐𝑟𝑒𝑎𝑠 𝑒𝑥𝑝

𝑒−𝑘𝑥 ⇒ 𝑑𝑒𝑐𝑟𝑒𝑠 𝑒𝑥𝑝
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(𝑘1 − 𝑘2)
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Gram-Schmidt Orthogonalization 

𝑣1 = 𝑢1     𝑣2 = 𝑢2 −
⟨𝑢2|𝑣1⟩
⟨𝑣1|𝑣1⟩

𝑣1      

𝑣𝑛 = 𝑢𝑛 −∑
⟨𝑢𝑛|𝑣𝑖⟩

⟨𝑣𝑖|𝑣𝑖⟩
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𝑛−1
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Matrices 

Inverse ≡ 𝑇−1𝑇 = 𝑇𝑇−1 = 𝐼 

Unitary Matrix 𝑈−1 = 𝑈𝑑𝑎𝑔𝑔𝑒𝑟 , columns & 

rows each form orthonormal sets 

𝑇𝑎 = 𝜆𝑎 → (𝑇 − 𝜆𝐼)𝑎 = 0 → det(𝑇 − 𝜆𝐼)

= 0 (𝑐ℎ𝑎𝑟 𝑒𝑞) 

For M, det(𝑀 − 𝜆) = 0 allows eigenvalues to 

be found 

Plug back into det(𝑀 − 𝜆) to find 

eigenvectors 

Trace ≡ ∑ diagonal matrix terms (frm top left 

to bottom right) 

Integrals 

∫ 𝑒−𝛼𝑥
2
𝑑𝑥

∞

0
=

1

2
√
𝜋

𝑎
    

∫ sin2 𝑎𝑥 𝑑𝑥 =
𝑥

2
−
sin 2𝑎𝑥

4𝑎
 

∫ xsin2 𝑎𝑥 𝑑𝑥 =
𝑥2

4
−
𝑥 sin 2𝑎𝑥

4𝑎
−
cos 2𝑎𝑥

8𝑎2
 

Other Equations 

Laplacian ∇2𝑓 = (
𝜕2

𝜕𝑥2
+

𝜕2

𝜕𝑦2
+

𝜕2

𝜕𝑧2
) 𝑓 

𝑗 =
ℏ

2𝑚𝑖
(Ψ∗∇Ψ − (∇Ψ∗)Ψ)     𝑝 = ℏ𝑘 

Uncertainty Principle 𝜎𝑥𝜎𝑝 ≥
ℏ

2
 

𝛿(𝑐𝑥) =
1

|𝑐|
𝛿(𝑥)    ∫ 𝑓(𝑥)𝛿(𝑥 − 𝑎)𝑑𝑥 = 𝑓(𝑎) 

∫ 𝑑𝜏𝜓𝑚
∗ 𝜓𝑛 = 𝛿𝑚𝑛 
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