
Separable ODE    y′ =  F(x, y)  F(x, y)  =
 g(x)h(y) 

1. Factor 𝐹(𝑥, 𝑦)  =  𝑔(𝑥)ℎ(𝑦) 

2. Separate into 
𝑑𝑦

𝑑𝑥
= 𝑔(𝑥)ℎ(𝑦) ⇒

𝑑𝑦

ℎ(𝑦)
=

𝑔(𝑥)𝑑𝑥 

3. Integrate ∫
𝑑𝑦

ℎ(𝑦)
   = ∫ 𝑔(𝑥)𝑑𝑥 

Ex: √4 − 𝑥2𝑦′ =
1

𝑙𝑛𝑦
⇒ ∫ 𝑙𝑛𝑦𝑑𝑦 = ∫

𝑑𝑥

√4−𝑥2
 

𝒚𝒍𝒏𝒚 − 𝒚 = 𝐬𝐢𝐧−𝟏
𝒙

𝟐
+ 𝑪 

Linear ODE    𝑦′ + 𝑃(𝑥)𝑦 = 𝑓(𝑥) 

1. Find integrating factor 𝐼(𝑥) or 𝜇(𝑥) =

𝑒∫ 𝑃(𝑥)𝑑𝑥 

2. Solution is 𝐼(𝑥)𝑦 = ∫ 𝐼(𝑥)𝑓(𝑥)𝑑𝑥 

3. Evaluate RHS 

Ex: 𝑥2𝑦 + 3𝑥𝑦 = 2 sin
𝑥

3
⇒ 𝑃(𝑥) =

3

𝑥
, 𝑓(𝑥) =

2

𝑥2
sin

𝑥

3
, 𝐼(𝑥) = 𝑒3

∫ 𝑑𝑥

𝑥  

𝐼(𝑥) = 𝑒3𝑙𝑛𝑥 = 𝑒𝑙𝑛𝑥
3
= 𝑥3 

∴ ⇒ 𝒙𝟑𝒚 = ∫ 𝟐𝒙𝐬𝐢𝐧
𝒙

𝟑
𝒅𝒙 

Exact ODE    Form 𝑀(𝑥, 𝑦)𝑑𝑥 + 𝑁(𝑥, 𝑦)𝑑𝑦 = 0 

Exact ⇒ ∃ 𝑓(𝑥, 𝑦) ∋ 𝑀𝑑𝑥 + 𝑁𝑑𝑦 = 𝑑𝑓 & ⇒ LHS 

of ODE is total differential 𝑢(𝑥, 𝑦), 𝑑𝑢 =  
𝜕𝑢

𝜕𝑥
𝑑𝑥 +

 
𝜕𝑢

𝜕𝑦
𝑑𝑦 

1. Determine Exact or not 

2. Solve 𝑑𝑓 =  
𝜕𝑓

𝜕𝑥
𝑑𝑥 + 

𝜕𝑓

𝜕𝑦
𝑑𝑦 ⇒ total 

differential of f 

3. If Exact, 𝑀(𝑥, 𝑦) =  
𝜕𝑓

𝜕𝑥
 & 𝑁(𝑥, 𝑦) =  

𝜕𝑓

𝜕𝑦
 ⇒

𝑀𝑦 = 𝑁𝑥 

4. 𝑓(𝑥, 𝑦) = 𝐶 ⇒ 𝑓𝑖𝑛𝑑 𝑓    ∫ 𝑑𝑓 = 𝑓 = 𝐶   

∫ 𝑑𝑦 = 0    𝑦 = 𝐶 

5. 𝑀𝑦 =
𝜕

𝜕𝑦
(
𝜕𝑓

𝜕𝑥
) , 𝑁𝑥 =

𝜕

𝜕𝑥
(
𝜕𝑓

𝜕𝑦
) 

6. 𝑓(𝑥, 𝑦) = ∫𝑀(𝑥, 𝑦)𝑑𝑥 = 𝐻(𝑥, 𝑦) + 𝑔(𝑦) 

𝑓(𝑥, 𝑦) = ∫ 𝑁(𝑥, 𝑦)𝑑𝑦 = 𝐺(𝑥, 𝑦) + ℎ(𝑥) 

Ex: (1 + 2𝑥)𝑦𝑑𝑦 + (𝑥 − 2 + 𝑦2)𝑑𝑥 = 0, 𝑤/ 𝑀 =

[1] & 𝑁 = [2] 

𝑁𝑥 = 2𝑦    𝑀𝑦 = 2𝑦    

∴ ∵ 𝑁𝑥 = 𝑀𝑦,   𝑂𝐷𝐸 𝑖𝑠 𝐸𝑥𝑎𝑐𝑡 

[1] ∫ (𝑦 + 2𝑥𝑦)𝑑𝑦 + [2] ∫ (𝑥 − 2 + 𝑦2)𝑑𝑥 

[1] 𝑀 =
𝑦

2
+ 𝑥𝑦2 + ℎ(𝑥) 

[2] 𝑁 =
𝑥2

2
− 2𝑥 + 𝑥𝑦2 + 𝑔(𝑦) 

𝒇(𝒙, 𝒚) =
𝒚

𝟐
+ 𝒙𝒚𝟐 +

𝒙𝟐

𝟐
− 𝟐𝒙 = 𝑪 

Homogeneous ODE    Form 𝑚(𝑥, 𝑦)𝑑𝑥 +

𝑁(𝑥, 𝑦)𝑑𝑦 = 0 is homogeneous ⟺ both 𝑀(𝑥, 𝑦) & 

𝑁(𝑥, 𝑦) are homogenous of same order, 𝑓(𝑥, 𝑦) is 

HG of order 𝛼 ⟺ 𝑓(𝑡𝑥, 𝑡𝑦) = 𝑡𝛼𝑓(𝑥, 𝑦) 

1. Substitute 𝑦 = 𝑢𝑥 or 𝑥 = 𝑣𝑦 into ODE 

2. Simplify into Separable or Linear 

3. Solve 

Ex: 𝑥𝑦′ = 𝑥 + 𝑦    𝑀(𝑡𝑥, 𝑡𝑦) = 𝑡𝑥 + 𝑡𝑦 = 

𝑡(𝑥 + 𝑦)           𝑁(𝑡𝑥, 𝑡𝑦) = 𝑡𝑥 

∴ 𝑀 & 𝑁 𝑎𝑟𝑒 𝐻𝐺 𝛼 = 1    𝑦 = 𝑢𝑥 

𝑑𝑦 = 𝑢𝑑𝑥 + 𝑥𝑑𝑢    𝑢 =
𝑦

𝑥
 𝑥𝑑𝑦 = (𝑥 + 𝑦)𝑑𝑥 

𝑥(𝑢𝑑𝑥 + 𝑥𝑑𝑢) = (𝑥 + 𝑢𝑥)𝑑𝑥    𝑥2𝑑𝑢 = 𝑥𝑑𝑥 

∫ 𝑑𝑢 = ∫
𝑑𝑥

𝑥
     𝑢 = 𝐶 + 𝑙𝑛𝑥     

𝒚

𝒙
= 𝒍𝒏𝒙 + 𝑪 

Bernoulli ODE Form 𝑦′ + 𝑃(𝑥)𝑦 = 𝑓(𝑥)𝑦𝑛 

1. Substitute 𝑢 = 𝑦1−𝑛 (linear in 𝑢) 

2. Reduce BF to linear 𝑢′ + 𝑃(𝑥)𝑢 = 𝑓(𝑥) 

3. Solve 

Ex: 𝑦′ +
1

𝑥
𝑦 = 2𝑥𝑦−2    𝑢 = 𝑦3    𝑦 = 𝑢

1

3    

𝑑𝑦

𝑑𝑥
=
1

3
𝑢−

2
3
𝑑𝑢

𝑑𝑥
  

1

3
𝑢−

2
3
𝑑𝑢

𝑑𝑥
+
𝑢
1
3⁄

𝑥
= 2𝑥𝑢−

2
3     

𝑑𝑢

𝑑𝑥
+
3𝑢−

1
2⁄

𝑥

= 6𝑥𝑢    𝑒∫ 3𝑢
−
1
2𝑑𝑢 = 𝑒6√𝑢 

𝑑𝑢

𝑑𝑥
+
3

𝑥
𝑢 = 6𝑥    𝐼(𝑥) = 𝑒∫

3
𝑥
𝑑𝑥 = 𝑒3𝑙𝑛𝑥

= 𝑥3    𝑢′ + 𝑃(𝑥)𝑢 = 𝑔(𝑥) 

𝑥3𝑢 = ∫ 𝑥36𝑥𝑑𝑥    𝒙𝟑𝒚𝟑 =
𝟔

𝟓
𝒙𝟓 + 𝑪 

Non-Homogeneous ODE (NH) 

1. Find complementary solution 𝑦𝑐  

2. Find particular solution 𝑦𝑝 using variation of 

parameters or undetermined coefficients 

3. General Solution ≡ 𝑦 = 𝑦𝑐 + 𝑦𝑝 

If Wronskian {
≠ 0, 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑠 𝑎𝑟𝑒 𝑳𝒊𝒏 𝑰𝒏𝒅𝒆𝒑
= 0, 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑠 𝑎𝑟𝑒 𝑳𝒊𝒏 𝑫𝒆𝒑   

 

Linear Constant Coefficients (LCC) 

1. Guess 𝑦 = 𝑒𝑚𝑥 (auxiliary equation) 

2. Substitute into (𝐻) to get 𝑦𝑐    𝑥 =
−𝑏±√𝑏2−4𝑎𝑐

2𝑎
 

3. Solve to get 𝑚1, 𝑚2, …𝑚𝑛  

4. Forms 

I. 𝑚1 ≠ 𝑚2 ∈ ℝ   (𝐷 > 0) 

𝑦1 = 𝑒
𝑚1𝑥 , 𝑦2 = 𝑒

𝑚2𝑥 

⇒ 𝑦 = 𝐶1𝑒
𝑚1𝑥 + 𝐶2𝑒

𝑚2𝑥 

II. 𝑚1 = 𝑚2 ∈ ℝ   (𝐷 = 0) 

𝑦 = 𝑒𝑚𝑥 & 𝑅𝑂 ⇒ 𝑦2 = 𝑥𝑒
𝑚𝑥 

⇒ 𝑦 = 𝐶1𝑒
𝑚𝑥 + 𝐶2𝑥𝑒

𝑚𝑥 

III. 𝑚 = 𝛼 ± 𝑖𝛽   (𝐷 < 0) 

⇒ 𝑦 = (𝐶1 sin 𝛽𝑥 + 𝐶2 cos 𝛽𝑥)𝑒
𝛼𝑥 

Reduction of Order, given 𝑦1 solves 𝑦′′ + 𝑏𝑦′ +

𝑐𝑦 = 0 with 𝑦 = 𝑢𝑦 

Substitute into ODE to get u-ODE 

Ex: 𝑦(3) + 𝑦′′ − 12𝑦′ = 0    𝑦 = 𝑒𝑚𝑥 ⇒ 𝑚3 +

𝑚2𝑚 = 0 

𝑚(𝑚2 +𝑚 − 12) = (𝑚 + 4)(𝑚 − 3)𝑚 

⇒ 𝑚 = 0,−4, 3 

𝒚 = 𝑪𝟏 + 𝑪𝟐𝒆
−𝟒𝒙 + 𝑪𝟑𝒆

𝟑𝒙 

Cauchy-Euler Equation (C-E) where 𝑥𝑚 ≠ 0 

Let 𝑦 = 𝑥𝑚 and substitute into ODE characteristic 

equation 

𝑦 = 𝑥𝑚, 𝑦′ = 𝑚𝑥𝑚−1, 𝑦′′ = 𝑚(𝑚 − 1)𝑥𝑚−2, … 

I. 𝑚1 ≠ 𝑚2 ∈ ℝ ⇒ 𝑦 = 𝐶1𝑥
𝑚1 + 𝐶2𝑥

𝑚2 

II. 𝑚1 = 𝑚2 ∈ ℝ ⇒ 𝑦 = 𝐶1𝑥
𝑚 + 𝐶2𝑥

𝑚𝑙𝑛𝑥 

III. 𝑚1 = 𝑚2̅̅ ̅̅ = 𝛼 ± 𝑖𝛽 ⇒ 𝑦 =

𝑥𝛼[𝐴 sin(𝑙𝑛𝑥𝛽) + 𝐵 cos(𝑙𝑛𝑥𝛽)] 

Ex: 𝑥2𝑦′′ − 5𝑥𝑦′ + 9𝑦 = 0       𝑚(𝑚 − 1) − 5𝑚 +

9 = 0 

𝑚2 − 6𝑚 + 9    (𝑚 − 3)2 ⇒ 𝑚 = 3         

𝒚 = 𝑪𝟏𝒙
𝟑 + 𝑪𝟐𝒙

𝟑𝒍𝒏𝒙 

Undetermined Coefficients (signs are personal 

preference) 

1. Solve corresponding (𝐻) to obtain 𝑦𝑐  or 𝑦𝐻 

2. “Guess” form of 𝑦𝑝 according to 𝑓(𝑥) w/ 

const 

3. Determine coefficients using partial fractions 

4. General solution to (𝑁𝐻) is 𝑦 = 𝑦𝑐 + 𝑦𝑝 

𝑓(𝑥) can only be polynomial, exponential, sine, or 

cosine 

𝑃𝑛(𝑥) ⇒ 𝑦𝑝 = 𝑎𝑛𝑥
𝑛 +⋯+ 𝑎1𝑥 + 𝑎0 w/o skipping 

terms 

𝑒𝑘𝑥 ⇒ 𝑦𝑝 = 𝐴𝑒
𝑘𝑥    

sin 𝑘𝑥/cos 𝑘𝑥 ⇒  𝑦𝑝 = 𝐴 sin 𝑘𝑥 + 𝐵 cos 𝑘𝑥 

Form Ex: 𝑓(𝑥) = 𝑥3 − 2 ⇒ 𝑦𝑝 = 𝐴𝑥
3 + 𝐵𝑥2 +

𝐶𝑥 + 𝐷 

Ex: 𝑦′′ − 3𝑦′ − 4𝑦 = 3𝑥 − 7    𝑦𝑐 = 𝑚
2 − 3𝑚 −

4    (𝑚 − 4)(𝑚 + 1) 

𝑚 = 4, 1 ⇒ 𝑦𝑐 = 𝐶1𝑒
4𝑥 + 𝐶2𝑒

−𝑥    𝑦𝑝

= 𝐴𝑥2 + 𝐵𝑥 + 𝐶 

𝒚 = 𝑪𝟏𝒆
𝟒𝒙 + 𝑪𝟐𝒆

−𝒙 + 𝑨𝒙𝟐 + 𝑩𝒙 + 𝑪 

Variation of Parameters 

1. Find 𝑦𝑐 = ∑𝑐𝑛𝑦𝑛 

2. Find Wronskian 

3. Find n #s of modified wronskians w/ nth 

column ≡ (
0
⋮

𝐹(𝑥)
) 

4. Evaluate 𝑢𝑛 = ∫
𝑊𝑛

𝑊
𝑑𝑥 

5. Particular solution 𝑦𝑝 ≡ ∑𝑢𝑛𝑦𝑛 

6. General Solution 𝑦 = 𝑦𝑐 + 𝑦𝑝 

Ex: 𝑦′′′ + 9𝑦′ = sec 3𝑥    𝑦′′′ + 9𝑦′ ⇒ 𝑚3 +

9𝑚 = 0 ⇒ 𝑚 = 0 ± 3𝑖 

𝑦𝑐 = 𝐶1 + 𝐶2 cos 3𝑥 + 𝐶3 sin 3𝑥     

𝑊 = ‖
1 cos 3𝑥 sin 3𝑥
0 −3 sin 3𝑥 3 cos 3𝑥
0 −9 cos 3𝑥 −9 sin 3𝑥

‖ 

= 1‖
−3 sin 3𝑥 3 cos 3𝑥
−9 cos 3𝑥 −9 sin 3𝑥

‖ = 27  

𝑊1 = ‖
1 cos 3𝑥 sin 3𝑥
0 −3 sin 3𝑥 3 cos 3𝑥
0 −9 cos 3𝑥 −9 sin 3𝑥

‖ = 3 sec 3𝑥    

𝑢1 = ∫
𝑊1

𝑊
𝑑𝑥 

=
1

9
∫ sec 3𝑥 𝑑𝑥 =

1

9
𝑙𝑛|sec 3𝑥 + tan 3𝑥| 

𝒚 = 𝒚𝒄 + 𝒚𝒑 = 𝑪𝟏 + 𝑪𝟐 𝐜𝐨𝐬 𝟑𝒙 + 𝑪𝟑 𝐬𝐢𝐧𝟑𝒙 

+
𝟏

𝟗
𝒍𝒏|𝐬𝐞𝐜𝟑𝒙 + 𝐭𝐚𝐧 𝟑𝒙|
⏞              

𝒖𝟏𝒚𝟏

+
𝟏

𝟗
𝒙𝒄𝒐𝒔𝟑𝒙
⏞      

𝒖𝟐𝒚𝟐

+

𝟏

𝟗
𝒍𝒏|𝐬𝐞𝐜𝟑𝒙|⏟      

𝒖𝟑

𝐬𝐢𝐧 𝟑𝒙⏟  
𝒚𝟑

 

LRC System 

𝑳�̈� + 𝑹�̇� +
𝟏

𝑪
𝒒 = 𝑬(𝒕) or 𝑽(𝒕) w/ inductance, 

resistance, capacitance, current, and imposed 

voltage 

Mass-Spring System 

𝒎�̈� + 𝜷�̇� + 𝒌𝒒 = 𝑭(𝒕) w/ speed, displacement, 

spring constant, and damping constant 

𝒇(𝒕) ∗ 𝒈(𝒕) → 

∫ 𝒇(𝒕 − 𝒖)𝒈(𝒖)𝒅𝒖
𝒕

𝟎
 or ∫ 𝒇(𝒖)𝒈(𝒕 − 𝒖)𝒅𝒖

𝒕

𝟎
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